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LINEAR REPRESENTATIONS OF HYPERELLIPTIC MAPPING CLASS GROUPS
MARCO BOGGI
ABSTRACT. Let p : S → Sg be a finiteG-covering of a closed surface of genus g ≥ 1 and let
B its branch locus. To this data, it is associated a representation of a finite index subgroup
of the mapping class group Mod(SgrB) in the centralizer of the groupG in the symplectic
group Sp(H1(S,Q)). They are called virtual linear representations of the mapping class
group and are related, via a conjecture of Putman and Wieland, to a question of Kirby and
Ivanov on the abelianization of finite index subgroup of the mapping class group. The
purpose of this paper is to study the restriction of such representations to the hyperelliptic
mapping class group Mod(Sg, B)ι, which is a subgroup of Mod(Sg r B) associated to a
given hyperelliptic involution ι on Sg. We extend to hyperelliptic mapping class groups
some previous results on virtual linear representations of the mapping class group. We
then show that, for all g ≥ 1, there are virtual linear representations of hyperelliptic
mapping class groups with nontrivial finite orbits. In particular, we show that there is
such a representation associated to an unramified G-covering S → S2, thus providing a
counterexample to the genus 2 case of the Putman-Wieland conjecture.
1. A CONJECTURE BY PUTMAN AND WIELAND
Let Sg be an oriented closed surface of genus g and let P1, P2, P3, . . . be a sequence
in Sg of pairwise distinct points. We put Sg,n := Sg r {P1, . . . , Pn}. We always assume
that Sg,n has negative Euler characteristic: 2g − 2 + n > 0. We abbreviate pi1(Sg,n, Pn+1)
by Πg,n, denote by Mod(Sg,n) the mapping class group of self-homeomorphisms of Sg,n
and by PMod(Sg,n) the subgroup consisting of mapping classes of self-homeomorphisms
which preserve the order of the punctures. Let us recall that these groups act by outer
automorphisms on Πg,n and PMod(Sg,n) (if n > 0) acts in a conventional fashion on
Πg,n−1. A fundamental open question on the mapping class group of a surface is the
following (cf. Problem 2.11.A in [12] and Problem 7 in [11]):
Problem 1.1. Assume g ≥ 3 and n ≥ 0. Is it true that H1(Γ) = 0 for every finite index
subgroup Γ of Mod(Sg,n)?
A positive answer has been given for all finite index subgroups of Mod(Sg,n) containing
the Johnson subgroup, i.e. the normal subgroup of Mod(Sg,n) generated by Dehn twists
about separating simple closed curves (cf. [2] and [17]). More recently, Ershov and He
(cf. [6]) showed that this question has a positive answer also for finite index subgroups
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2 MARCO BOGGI
of Mod(Sg,n), for n ≤ 1, which contain the k-th term of the lower central series of the
Torelli subgroup of Mod(Sg,n), where k ≤ g+12 .
Let S be an oriented closed surface of genus ≥ 1 and G a finite group acting faithfully
on S. The finite group G then embeds in the mapping class group Mod(S) of the surface
S. Let SG be the orbifold quotient of S by the action of G. The natural map S → SG then
determines a finite index normal subgroup K ∼= pi1(S) of ΠG := pi1(SG) (we omit base
points since they are not relevant here). Let Mod(SG) be the mapping class group of the
orbifold SG. This identifies with the colored mapping class group of the surface SG r B,
where B is the inertia locus of the orbifold SG and isomorphic inertia points are assigned
the same color. Let us denote by Mod(S)G the centralizer of G in Mod(S). There is then
a short exact sequence:
(1) 1→ Z(G)→ Mod(S)G → Mod(SG)[K]→ 1,
where Z(G) is the center of the group G and Mod(SG)[K] is the subgroup of Mod(SG)
consisting of mapping classes of self-homeomorphisms which preserve the subgroup K
of ΠG and act by inner automorphisms on the quotient group ΠG/K ∼= G. We call
Mod(SG)[K] the geometric level associated to the normal subgroup K of ΠG. If K is
a characteristic subgroup of ΠG and all points of B have the same inertia, then the
subgroup Mod(SG)[K] identifies with the usual geometric level of Mod(SG r B) defined
as the kernel of the natural representation Mod(SG rB)→ Out(ΠG/K).
In [18], Putman and Wieland made a conjecture which, with the above notations, can
be formulated as follows:
Conjecture 1.2 (Putman-Wieland Conjecture). Suppose that g(SG) ≥ 2. Then every non-
trivial Mod(S)G-orbit in H1(S;Q) is infinite.
A well-known result of Serre asserts that if H is a free abelian group of finite rank, then
any finite group of automorphisms of H acts faithfully on H/mH when m ≥ 3. So, if Γ is
a finite index subgroup of Mod(S)G which, for some m ≥ 3, acts trivially on H1(S,Z/m),
the assertion of the Putman-Wieland Conjecture is equivalent to H1(S;Q)Γ = {0}.
Putman and Wieland proved that Conjecture 1.2 is essentially equivalent to a positive
answer to Problem 1.1. Their precise statement is as follows:
Theorem 1.3 (Putman-Wieland). Let us consider the following statements for g ≥ 2 and
n ≥ 0:
(Ag,n) For every subgroup Γ ⊂ Mod(Sg,n) of finite index, we have H1(Γ;Q) = 0.
(Bg,n) For every orbifold quotient S → SG as above such that g(SG) = g and |B| ≤ n, the
associated action of Mod(S)G on H1(S;Q) has no finite nontrivial orbit.
Then (Ag+1,n+1)⇒ (Bg+1,n) and (Bg,n+1)⇒ (Ag+1,n). In particular, if (Ag,n) holds for some
g0 ≥ 3 and n0 ≥ 0, then it holds for all g ≥ g0 and n ≥ 0.
Remark 1.4. Note that if one of the listed properties holds for (g, n), then it holds
for (g,m), m ≥ n. This follows by using the natural epimorpisms Πg,m → Πg,n and
PMod(Sg,m)→ PMod(Sg,n) or the fact that a covering of Sg,n defines one of Sg,m.
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In Section 2 (cf. Corollary 3.15), we will show that the Putman-Wieland conjecture is
false for g = 2. This however leaves the conjecture unsettled in genus ≥ 3, since, in the
implication ¬(Bg,n)⇒ ¬(Ag,n+1), the genus does not increase.
2. THE HYPERELLIPTIC MAPPING CLASS GROUP
LetMg,[n], for 2g−2+n > 0, be the moduli stack of smooth genus g complex curves en-
dowed with n unordered marked points and let Hg,[n] be its closed substack parametriz-
ing hyperelliptic curves (we do not require that the marked points are preserved by a
hyperelliptic involution, unless (g, n) = (1, 1)). Observe that, for g = 1, 2, all curves are
hyperelliptic, i.e. admit a degree 2 morphism onto P1. We then define the hyperelliptic
modular group to be the topological fundamental group of the stack Hg,[n].
If we represent a base point of Mg,[n] by a hyperelliptic curve C, then the embed-
ding Hg,[n] ⊂ Mg,[n] induces on fundamental groups a monomorphism pi1(Hg,[n], [C]) ↪→
pi1(Mg,[n], [C]). Note that its image is in general not a normal subgroup. Via the identifi-
cation of pi1(Mg,[n], [C]) with Mod(Sg,n), this inclusion defines a subgroup of the mapping
class group called the hyperelliptic mapping class group.
The hyperelliptic mapping class group can be defined without reference to algebraic
geometry: for g ≥ 2 and n = 0, if ι denotes the element of Mod(Sg) corresponding to
the hyperelliptic involution on C, then the hyperelliptic mapping class group identifies
with the centralizer Mod(Sg)ι of ι in Mod(Sg). For n > 0, the hyperelliptic mapping
class group, which we denote by Mod(Sg, n)ι, is instead the preimage of the central-
izer Mod(Sg)ι under the forgetful map Mod(Sg,n) → Mod(Sg). Via the above identifi-
cation, we have pi1(Hg,[n], [C]) = Mod(Sg, n)ι (for g = 1, we just have pi1(M1,[n], [C]) =
Mod(S1,n)). As usual, we let PMod(Sg, n)ι ∼= pi1(Hg,n, [C]) be the subgroup of Mod(Sg, n)ι
consisting of mapping classes of self-homeomorphisms of Sg,n which fix each puncture.
For us, the most important feature of the moduli stacks Hg andM1,1 is their relation
with the moduli stacks of pointed genus 0 curves. More precisely, there is, for g ≥ 2, a
natural Z/2-gerbe Hg → M0,[2g+2] defined by assigning to a genus g hyperelliptic curve
C, the genus zero curve C/ι, where ι is the hyperelliptic involution of C, labeled by
the branch points of the cover C → C/ι. In the genus 1 case, there is a Z/2-gerbe
M1,1 → M0,[3]+1, where by the notation ”[3] + 1” we mean that there are 4 labels, one
distinguished and the others unordered. There are natural isomorphisms Hg( 〈ι〉 ∼=
M0,[2g+2] and M1,1( 〈ι〉 ∼= M0,[3]+1, where by ( we denote the operation of erasing the
generic group of automorphisms from an algebraic stack.
As it is clear from the definition, there is a natural smooth morphism Hg,n+1 → Hg,n
(defined by forgetting the (n + 1)-th marked point) which can be regarded as the uni-
versal punctured curve over Hg,n. Corresponding to this fibration, we have the following
analogue of the Birman short exact sequence:
1→ Πg,n → PMod(Sg, n+ 1)ι → PMod(Sg, n)ι → 1.
For m ≥ 2, the abelian hyperelliptic level Mod(Sg, n)ι(m) of order m is defined as
the kernel of the representation ρ(m) : Mod(Sg, n)ι → Sp2g(Z/m) and the correspond-
ing e´tale Galois covering Hg,[n](m) → Hg,[n] is the hyperelliptic abelian level structure of
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order (m). By [1] Proposition 3.3, there are natural isomorphisms Hg(2)( 〈ι〉 ∼= M0,2g+2
and M1,1(2)( 〈ι〉 ∼= M0,4, which, at the level of fundamental groups, identify squares
of Dehn twists about ι-invariant nonseparating simple closed curves in Sg,n with Dehn
twists about simple closed curves bounding a 2-punctured disc in S0,n.
A generalization of the hyperelliptic mapping class group. A hyperelliptic (topologi-
cal) surface (S, ι) is the data consisting of an oriented connected (not necessarily closed)
surface S of genus ≥ 1 and negative Euler characteristic together with a hyperelliptic
involution ι on S (that is to say a self-homeomorphism ι of S such that ι2 = idS and the
quotient surface S/ι has genus 0). Then, the hyperelliptic mapping class group Mod(S)ι
of (S, ι) is the centralizer of ι in the mapping class group Mod(S). For {P1, . . . , Pn} a set
of distinct points on S, the pointed hyperelliptic mapping class group Mod(S, P1, . . . , Pn)ι
(which we will usually denote by Mod(S, n)ι) is the inverse image of Mod(S)ι under the
natural epimorphism Mod(S, P1, . . . , Pn)→ Mod(S). We denote by PMod(S, P1, . . . , Pn)ι
(or just by PMod(S, n)ι) the subgroup of Mod(S, P1, . . . , Pn)ι which consists of mapping
classes of self-homeomorphisms fixing the set {P1, . . . , Pn} pointwise.
Remark 2.1. Let W be the set of points fixed by the hyperelliptic involution ι on S.
Then there is a natural action of Mod(S, n)ι on the set W and so a representation
ρW : Mod(S, n)
ι → ΣW , where ΣW is the permutation group of the set W . Let us then
observe that (SrP, ι), for P ∈ W , is a hyperelliptic surface and Mod(SrP, n)ι identifies
with the stabilizer Mod(S, n)ιP of P for the action of Mod(S, n)
ι on W .
For (S, ι) a closed hyperelliptic surface of genus ≥ 2 and {Q1, . . . , Qk} a set of distinct
points on S r W , the open surface S ′ := S r {Q1, . . . , Qk, ι(Q1), . . . , ι(Qk)}, together
with the involution ι, is also a hyperelliptic surface. In Theorem 2.3, we will show
that, for k ≥ 2, there is a natural isomorphism of hyperelliptic mapping class groups
Mod(S ′)ι ∼= Mod(S, k)ι. Adding n marked points {P1, . . . , Pn}, we then also get a nat-
ural isomorphism Mod(S ′, n)ι ∼= Mod(S, n + k)ι. However, for k = 1, there is only an
epimorphism Mod(S ′)ι  Mod(S, 1)ι with nontrivial kernel (cf. (v) of Theorem 2.3).
The abelian hyperelliptic level Mod(S, n)ι(m) of order m is defined as the kernel of
the representation ρ(m) : Mod(S, n)ι → Sp(H1(S,Z/m)), where S is the closed surface
obtained from S filling in the punctures.
Definition 2.2. A simple closed curve γ on a hyperelliptic surface (S, ι) is symmetric if
ι(γ) is isotopic to γ. A bounding pair {γ1, γ2} on (S, ι) is symmetric if ι(γ1) is isotopic
to γ2. A simple closed curve γ (resp. a bounding pair {γ1, γ2}) on S r {P1, . . . , Pn} is
symmetric if its image in (S, ι) is a symmetric simple closed curve (resp. a symmetric
bounding pair).
The above definitions and remarks easily generalize to the case when S is not con-
nected. We will need this generalization to describe stabilizers of symmetric simple
closed curves for the action of the hyperelliptic mapping class group. Let us observe
that, for (S, ι) a hyperelliptic surface and γ a nonperipheral simple closed curve on S
preserved by ι, the pair (S r γ, ι) is also a (not necessarily connected) hyperelliptic sur-
face. The stabilizer Mod(S, n)ιγ for the action of the hyperelliptic mapping class group
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Mod(S, n)ι on the isotopy class of a symmetric simple closed curve γ on S r {P1, . . . , Pn}
is then described by the short exact sequence:
(2) 1→ τZγ → Mod(S, n)ιγ → Mod(S r γ, n)ι → 1.
Let us make the description (2) more precise in case the hyperelliptic surface (S, ι) is
closed of genus g(S) = g. For g ≤ 2, the hyperelliptic mapping class group Mod(S, n)ι
coincides with the mapping class group Mod(Sg,n) and the usual description applies. For
g ≥ 3, we have:
Theorem 2.3. Let (S, ι) be a hyperelliptic closed surface of genus g ≥ 3 and let γ be a
symmetric simple closed curve on S r {P1, . . . , Pn}. Let then PMod(S, n)ι~γ be the subgroup
of PMod(S, n)ι consisting of mapping classes which preserve the isotopy class of γ and a
fixed orientation on it.
(i) For γ separating, let (S r γ, P1, . . . , Pn) = (S1, Pi1 , . . . , Pin1 ) q (S2, Pj1 , . . . , Pjn2 ).
The stabilizer PMod(S, n)ι~γ fits in the short exact sequence
1→ τZγ → PMod(S, n)ι~γ → PMod(S1, n1)ι × PMod(S2, n2)ι → 1.
(ii) Let Si be the closed surface obtained filling in the puncture on Si with a point Qi
and let PMod(Si, ni)ιQi be the stabilizer of Qi for the action of PMod(Si, ni)
ι on the
set of Weierstrass points Wi of Si through the representation ρWi (cf. Remark 2.1).
For i = 1, 2, there is then a natural isomorphism PMod(Si, ni)ι ∼= PMod(Si, ni)ιQi.
(iii) For γ nonseparating, let Sγ := S r γ. The stabilizer PMod(S, n)ι~γ is described by
the short exact sequence
1→ τZγ → PMod(S, n)ι~γ → PMod(Sγ, n)ι◦ → 1,
where PMod(Sγ, n)ι◦ is the index 2 subgroup of PMod(Sγ, n)
ι consisting of those
elements which do not swap the two punctures of Sγ.
(iv) Let Sγ be the closed surface obtained filling in the two punctures on Sγ with the
points Q1 and Q2. For n ≥ 1, there is then an isomorphism:
(3) PMod(Sγ, n)ι◦ ∼= PMod(Sγ, P1, . . . , Pn, Q1)ι = PMod(Sγ, n+ 1)ι.
(v) Let Wγ be the set of 2g Weierstrass points on Sγ and let NWγ be the kernel of the
natural epimorphism pi1(SγrWγ)→ pi1(Sγ). Then, PMod(Sγ)ι◦ fits in the two short
exact sequences:
(4) 1→ pi1(Sγ rWγ)→ PMod(Sγ)ι◦ → PMod(Sγ)ι → 1,
(5) 1→ NWγ → PMod(Sγ)ι◦ → PMod(Sγ, Q1)ι → 1.
Proof. The proof is based on the interpretation of PMod(S, n)ι as the topological fun-
damental group of the moduli stack Hg,n of n-pointed, genus g, hyperelliptic complex
smooth projective curves.
A non-peripheral simple closed curve γ on Sg,n determines a boundary component of
the D–M compactification Hg,n of Hg,n. Let us denote by δγ its normalization and by δ˙γ
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its open substack parameterizing curves with just one singular point. Let Ĥg,n be the real
oriented blow-up of Hg,n along its D–M boundary, let ∆̂γ → δγ be the pull-back of the
natural map Ĥg,n → Hg,n along δγ → Hg,n and let δˆγ be the real oriented blow-up of δγ
along the divisor δγ r δ˙γ. Then, the natural map ∆̂γ → δˆγ is an S1-bundle.
The natural inclusions Hg,n ↪→ Ĥg,n and δ˙γ ↪→ δˆγ are homotopy equivalences. The
stabilizer PMod(S, n)ιγ of the simple closed curve γ identifies with the fundamental group
pi1(∆̂γ) of ∆̂γ, which is described by the short exact sequence:
1→ µ→ pi1(∆̂γ)→ pi1(δˆγ)→ 1,
where µ is a free cyclic group and pi1(δˆγ) = pi1(δ˙γ). It is easy to see that the identifica-
tion of pi1(∆̂γ) with the stabilizer PMod(S, n)ιγ identifies µ with the cyclic subgroup τ
Z
γ
generated by the Dehn twist τγ.
For [C,P1, . . . , Pn] ∈ δ˙γ, let C˜ be the normalization of C and let Q1 and Q2 be the
inverse images in C˜ of the singular point of C. Let then δ˙~γ → δ˙γ be the (possibly trivial)
e´tale covering induced ordering the set of points {Q1, Q2} and let δ~γ be its D–M compact-
ification over δγ. Let δˆ~γ be the real oriented blow-up of δ~γ in the divisor parameterizing
curves with more than one singularity. As above, the embedding δ˙~γ ⊂ δˆ~γ is a homotopy
equivalence. Let ∆̂~γ = ∆̂γ ×δˆγ δˆ~γ. The natural map ∆̂~γ → δˆ~γ is an S1-bundle and the
stabilizer PMod(S, n)ι~γ identifies with the fundamental group of ∆̂~γ. There is then a short
exact sequence:
(6) 1→ τZγ → PMod(S, n)ι~γ → pi1(δ˙~γ)→ 1.
The proof of the theorem will follow from a careful description of the locus parame-
terized by δ˙γ in the moduli stack Hg,n. We need to distinguish between the separating
and the nonseparating case.
In the separating case, δ˙γ parameterizes reducible n-pointed, genus g, hyperelliptic
curves with a single node. For [C,P1, . . . , Pn] ∈ δ˙γ, let C1 and C2 be the two irreducible
components of the normalization of C, of genus g1 and g2, respectively, and let us assume
the markings Pi1 , . . . , Pin1 lie on C1 while the markings Pj1 , . . . , Pjn2 lie on C2. Let also
Qi be the inverse image of the node of C in Ci, for i = 1, 2. The curves C1 and C2 are
hyperelliptic, with hyperelliptic involutions ι1 and ι2 and sets of Weistrass points W1 and
W2, respectively, and we have Q1 ∈ W1, Q2 ∈ W2.
Let PMod(Sgi , ni)
ι
Qi
be the stabilizer of the Weirestrass point Qi ∈ Wi, for the natural
representation PMod(Sgi , ni)
ι → ΣWi, for i = 1, 2, and let H′gi,ni → Hgi,ni be the associ-
ated e´tale Galois covering. Then, it is clear that there is a natural isomorphism of stacks
H′g1,n2 ×H′g2,n2 → δ˙~γ. Part (i) and (ii) of the theorem then follow.
In the separating case, δ˙γ parameterizes n-pointed, genus g, hyperelliptic curves with
a single node which are irreducible. For [C,P1, . . . , Pn] ∈ δ˙γ, the normalization C˜ of C is
hyperelliptic of genus g − 1 with a hyperelliptic involution ι such that ι(Q1) = Q2. Then,
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δ˙~γ → δ˙γ is the double e´tale covering induced by ordering the set of points {Q1, Q2} and
the short exact sequence (6) yields item (iii) of the theorem.
Let HWg−1,n+1 be the moduli stack of smooth projective hyperelliptic complex curves of
genus g − 1 endowed with a hyperelliptic involution ι, a set of ordered marked points
P1, . . . , Pn and an extra-marking Q1 lying outside the set of Weierstrass points of the
curve. It is clear that the assignment [C,P1, . . . , Pn, Q1] 7→ [C,P1, . . . , Pn, Q1, ι(Q1)] de-
fines an isomorphism of moduli stacks:
HWg−1,n+1 ∼−→ δ˙~γ.
For n ≥ 1, the locus Hg−1,n+1 rHWg−1,n+1 has codimension ≥ 2 in Hg−1,n+1 and so we
have the isomorphisms
pi1(δ˙~γ) ∼= pi1(HWg−1,n+1) ∼= pi1(Hg−1,n+1) ≡ PMod(Sg−1,n+1)ι,
which gives the series of isomorphisms (3).
If n = 0, the locusHg−1,1rHWg−1,1 is a divisor in the moduli stackHg−1,1 and the natural
mapHWg−1,1 → Hg−1 is a fibration in 2g-punctured smooth curves of genus g−1 (the fibers
of the map Hg−1,1 → Hg−1 minus their (2g− 2) + 2 = 2g Weierstrass points). Then, there
is a short exact sequence:
1→ Πg−1,2g → pi1(δ˙~γ) ≡ pi1(HWg−1,1)→ pi1(Hg−1) ≡ PMod(Sg−1)ι → 1,
which gives the short exact sequence (4).
Moreover, the open embedding HWg−1,1 ⊂ Hg−1,1 induces an epimorphism
pi1(δ˙~γ) ≡ pi1(HWg−1,1)  pi1(Hg−1,1) ≡ PMod(Sg−1,1)ι,
whose kernel equals that of the epimorphism Πg−1,2g  Πg−1 induced filling in the punc-
tures of a member of the family of curves HWg−1,1 → Hg−1. The short exact sequence (5)
then also follows. 
Remark 2.4. The reason for which Theorem 2.3 fails for g = 1, 2 (this case falls indeed
in the usual description of stabilizers for the mapping class group) is that a genus one
Riemann surface does not have a preferred hyperelliptic involution.
The complex of symmetric nonseparating curves. Let us define a version of the non-
separating curve complex Cns(Sg,n) for the hyperelliptic mapping class group Mod(Sg, n)ι.
Let us recall that the latter is the simplicial complex whose k-simplices consist of un-
ordered (k + 1)-tuples {γ0, . . . , γk} of distinct isotopy classes of pairwise disjoint simple
closed curves on Sg,n such that Sg,n r {γ0, . . . , γk} is connected. The hyperelliptic nonsep-
arating curve complex HCns(Sg,n) is then defined to be the full subcomplex of Cns(Sg,n)
generated by isotopy classes of symmetric nonseparating simple closed curves.
For n ≥ 4, let us define the full sub-complex Cb(S0,n) of the complex of curves C(S0,n)
generated by the vertices corresponding to simple closed curves on S0,n which bound a
2-punctured disc. The quotient map Sg → Sg/ι = S0,2g+2 then identifies HCns(Sg) with
the curve complex Cb(S0,2g+2).
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There is a natural surjective map HCns(Sg,n+1) → HCns(Sg,n) which is a homotopy
equivalence, in the sense that the geometric realization of this map is a homotopy equiv-
alence. In particular, the homotopy type of HCns(Sg,n) is independent of n.
Theorem 2.5. For n ≥ 5, the curve complex Cb(S0,n) is of dimension [n/2] − 1 and, for
n ≥ 4, is ([(n+ 1)/2]− 3)-connected (here [ ] denotes the integral part).
Proof. The 0-connectivity of the curve complex Cb(S0,n), for n ≥ 5, can be proved with
the same argument which proves the connectivity of standard curve complexes (see, for
instance, Section 4.1.1 and 4.1.2 in [7]).
The ([(n + 1)/2] − 3)-connectivity of Cb(S0,n), for n ≥ 4, is derived from the fact that
C(S0,n), for n ≥ 4, is (n−5)-connected (cf. Theorem 1.2 in [10]) and the same argument
used in the proof of Theorem 1.1 [10]. Let us observe first that the curve complex
Cb(S0,n), for n = 4, 5, coincides with C(S0,n) and thus is (n − 5)-connected. The case
n = 6 of the theorem is then also clear. Let us proceed by induction on n. So let us
assume that the theorem holds for all k such that 6 ≤ k < n and let us prove it for k = n.
We almost follow word by word Harer’s argument in the proof of Theorem 1.1 [10].
Let Sm be an m-dimensional piecewise linear simplicial sphere, for m < [(n + 1)/2] − 3,
and f : Sm → Cb(S0,n) ⊆ C(S0,n) be a simplicial map. Since C(S0,n) is (n− 5)-connected
and m < n − 5, there is an (m + 1)-dimensional piecewise linear simplicial disc B such
that ∂B = Sm and a simplicial map fˆ : B → C(S0,n) which extends f .
We say that a simplex σ of B is pure if f¯(σ) = {γ0, . . . , γs}, where no γi bounds a disc
with two punctures, and define the complexity c(f¯) of f¯ to be the largest k for which
some k-simplex of B is pure.
Let then σ be a pure k-simplex of B with k = c(f¯), and let f¯(σ) = {γ0, . . . , γh},
with h ≤ k ≤ [n + 1/2] − 2. Let S1, . . . , Sh+1 be the connected components of S0,n r
{γ0, . . . , γh}. The join ∆σ = Cb(S1)∗. . .∗Cb(Sh+1) identifies with a subcomplex of Cb(S0,n)
and, by hypothesis, f¯(LinkB(σ)) lies in ∆σ. Moreover, if Si has ni punctures, there holds∑h+1
i=1 ni = n+ 2h+ 2.
By the induction hypotheses, the connectivity of ∆σ is described by the following for-
mula. The join ∆σ is µ-connected, where:
µ : =
∑h+1
i=1
([
ni + 1
2
]
− 3
)
+ h+ 1 =
∑h+1
i=1
[
ni + 1
2
]
− 2h− 2 ≥
≥
[
n+ 2h+ 2
2
]
− 2h− 2 =
[n
2
]
− h− 1 ≥
[
n+ 1
2
]
− 2− h ≥
[
n+ 1
2
]
− 2− k.
Then, the rest of the argument proceeds exactly as in the last two paragraphs of the proof
of Theorem 1.1 in [10]. 
Corollary 2.6. For g ≥ 2, the hyperelliptic nonseparating curve complex HCns(Sg,n) is
spherical of dimension g − 1.
For the proof of Theorem 3.13, we will just need the fact that the complex HCns(Sg,n)
is connected for g ≥ 2 and the following result:
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Proposition 2.7. Let α and β be nonseparating symmetric simple closed curves on Sg,n, for
g ≥ 2. There is then a chain of symmetric simple closed curves γ0, . . . , γk on Sg,n such that
γ0 = α, γk = β and γi intersects γi+1 transversally in a single point, for i = 0, . . . , k − 1.
Proof. It is easy to see that, for two disjoint nonseparating symmetric simple closed curves
α and β on Sg,n, there is a a symmetric simple closed curve γ which intersects both α
and β transversally in a single point. The claim of the proposition then follows from the
connectedness of the curve complex HCns(Sg,n). 
3. VIRTUAL LINEAR REPRESENTATION OF THE HYPERELLIPTIC MAPPING CLASS GROUP
As in Section 1, let us consider a finite group G acting faithfully on an oriented closed
surface S of genus ≥ 1. To the map S → SG, we have associated the short exact se-
quence (1): 1 → Z(G) → Mod(S)G → Mod(SG)[K] → 1, where K is the kernel of the
natural epimorphism pi1(SG)→ G.
This short exact sequence has the following geometric meaning (cf. Section 3 in [3]).
Let SG r B ∼= Sg,n, where B is the set of inertia points of SG. Then, Mod(SG)[K] iden-
tifies with a finite index subgroup of Mod(Sg,n) and so determines an e´tale covering
M[K]→Mg,[n] (the so called geometric level structure associated to the finite index nor-
mal subgroup K of ΠG) and is isomorphic to the fundamental group of M[K]. On the
other hand, the natural inclusion φ : G ↪→ Mod(S) determines the moduli stack Mφ of
complex G-curves of topological type φ (cf. Section 1 in [3]) whose fundamental group
is isomorphic to Mod(S)G. There is a natural morphismMφ →M[K] which is a Z(G)-
gerbe and whose associated short exact sequence of fundamental groups identifies with
the sequence (1). Let Sp(H1(S;Q))G be the centralizer of the group G in the symplectic
group Sp(H1(S;Q)). There is then a natural representation
ρG : Mod(S)G → Sp(H1(S;Q))G,
which, by the short exact sequence (1), is indeed a virtual linear representation of the
mapping class group Mod(Sg,n) and identifies with the monodromy representation asso-
ciated to the universal family of G-curves over Mφ. In [3], this fact is used to deduce
several properties of the representation ρG (cf. Theorem 3.2 and Corollary 3.5 ibid.). Let
us recall briefly these results.
For an irreducible QG-module Vχ, with character χ, let Dχ be the opposite (skew)
algebra of EndQG(Vχ) and regard Vχ as a left QG-module and a right Dχ-module. The
simple component of QG acting nontrivially on Vχ naturally identifies with the simple
algebra EndDχ(Vχ). Let then H1(S;Q)[χ] := HomQG(Vχ, H1(S;Q)). This is a left Dχ-
module and the χ-primary component H1(S;Q)χ of H1(S;Q) is naturally isomorphic to
Vχ⊗DχH1(S;Q)[χ]. Let X(QG) be the set of rational irreducible characters of G. We then
have a series of natural isomorphisms:
Sp(H1(S;Q))G ∼=
∏
χ∈X(QG)
Sp(H1(S;Q)χ)G ∼=
∏
χ∈X(QG)
U(H1(S;Q)[χ]),
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where U(H1(S;Q)[χ]) denotes the group of Dχ-linear automorphisms of H1(S;Q)[χ]
which preserve a skew-hermitian form 〈 , 〉χ which is induced by the intersection pairing
on H1(S;Q) (cf. Section 2 of [3] for details).
Let Mon◦(S)G be the identity component of the Zariski closure of the image of the
representation ρG in Sp(H1(S;Q))G and Mon◦(S)Gχ the projection of Mon◦(S)G to the
factor Sp(H1(S;Q)χ)G ∼= U(H1(S;Q)[χ]). Theorem 3.2 in [3] states thatMon◦(S)Gχ oper-
ates Q-isotipically on the Dχ-module H1(S;Q)[χ]. Moreover, if the Q-rank ofMon◦(S)Gχ
is positive (e.g.Mon◦(S)Gχ contains a nontrivial unipotent element), then it is an almost
simple Q-algebraic group acting irreducibly on H1(S;Q)[χ].
The Putman-Wieland conjecture (1.2) is then equivalent to the statement that, for all
characters χ ∈ X(QGK) afforded by the QG-module H1(S;Q), we have Mon◦(S)Gχ 6=
{1}. The above results have also interesting application to simple loop homology:
Definition 3.1. Let S be an oriented closed surface endowed with a faithful action of a
finite group G. The simple loop homology Hs1(S;A) of S, for some commutative ring A,
is the AG-submodule of H1(S;A) generated by cycles whose support covers some simple
closed curve on SG rB via the covering S → SG.
In [13], Koberda and Santharoubane proved that there exist coverings S → SG such
that Hs1(S;Z) 6= H1(S;Z), for all g(SG) ≥ 2 and |B| ≥ 0, and, in [14], Malestein and
Putman showed that there exist coverings S → SG such that Hs1(S;Q) 6= H1(S;Q), for
all g(SG) ≥ 0 and |B| ≥ 1 (|B| ≥ 3 for g(SG) = 0). In Corollary 3.15, we will show that
there exist coverings S → SG with B = ∅ and g(SG) = 2 such that Hs1(S;Q) 6= H1(S;Q).
The problem remains open for A = Q, B = ∅ and g(SG) > 2.
By Corollary 3.5 in [3], for g(SG) ≥ 3, the simple loop homology Hs1(S;Q) is a sum
of isotypical components. This immediately yields many nontrivial examples where in
fact Hs1(S;Q) = H1(S;Q) (cf. Remark 3.6 in [3]). This corollary also states that, for all
χ ∈ X(QGK) afforded by Hs1(S;Q), the algebraic monodromy group Mon◦(S)Gχ is an
almost simple Q-algebraic group acting irreducibly on H1(S;Q)[χ].
The hyperelliptic connected monodromy group. Let, as above, SG r B = Sg,n, let us
assume that g ≥ 1 and fix a hyperelliptic involution ι on Sg = S/G. The hyperelliptic geo-
metric level associated to the finite index normal subgroup K of pi1(SG) is the intersection
Mod(SG)
ι[K] := Mod(SG)[K] ∩ Mod(Sg, n)ι and we define Mod(S)G,ι to be the inverse
image of this subgroup in Mod(S)G. There is then a short exact sequence:
(7) 1→ Z(G)→ Mod(S)G,ι → Mod(SG)ι[K]→ 1,
whose geometric interpretation is similar to the one given above. The finite index sub-
group Mod(SG)ι[K] of the hyperelliptic mapping class group Mod(Sg, n)ι determines a
hyperelliptic geometric level structure H[K] over Hg,[n] and identifies with its fundamental
group. The inclusion φ : G ↪→ Mod(S) determines the moduli stack Hφ of complex G-
curves of topological type φ whose G-quotient is a hyperelliptic curve. The fundamental
group of Hφ then identifies with Mod(S)G,ι. There is a natural morphism Hφ → H[K]
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which is a Z(G)-gerbe and whose associated short exact sequence of fundamental groups
is precisely the sequence (7). The restriction
ρG,ι : Mod(S)G,ι → Sp(H1(S;Q))G
of ρG to Mod(S)G,ι is then a virtual linear representation of the hyperelliptic mapping
class group Mod(Sg, n)ι which identifies with the monodromy representation associated
to the universal family of G-curves over Hφ.
Let thenMon◦(S)G,ι be the connected component of the identity of the Zariski closure
of the image of the representation ρG,ι defined above and let us denote by Mon◦(S)G,ιχ
its projection to the factor Sp(H1(S;Q)χ)G ∼= U(H1(S;Q)[χ]) of Sp(H1(S;Q))G. Let also
Hg(S)G,ι be the generic Hodge group of the polarized variation of Hodge structures
associated to the universal G-curve over Hφ and denote by Hg(S)G,ιχ its projection to the
factor Sp(H1(S;Q)χ)G ∼= U(H1(S;Q)[χ]) of Sp(H1(S;Q))G. For a given algebraic group
G , let us denote by DG its derived group. We then have:
Theorem 3.2. Let S be an oriented closed surface endowed with a faithful and free action of
a finite group G such that the quotient surface SG has genus ≥ 4 and let ι be a hyperelliptic
involution on SG:
(i) The groupMon◦(S)G,ιχ (resp.Hg(S)G,ιχ ) acts Q-isotypically (resp. Q-irreducibly) on
the Dχ-module H1(S;Q)[χ].
(ii) If Mon◦(S)G,ιχ has positive Q-rank, then Mon◦(S)G,ιχ = DHg(S)G,ιχ is an almost
simple Q-algebraic group acting irreducibly on H1(S;Q)[χ].
(iii) IfMon◦(S)G,ιχ is trivial, then Mod(S)G,ι acts through a finite group on H1(S;Q)[χ]
and all G-invariant conformal structures on S which induce on SG the structure
of a hyperelliptic Riemann surface define the same indecomposable Hodge structure
on H1(S;Q)[χ].
Proof. Possibly after replacing the covering S → SG with a G′-covering S ′ → SG′ ≡ SG
which factors through it, we can assume that the finite index normal subgroup K of
the fundamental group pi1(SG) associated to the covering S → SG is left invariant by
the hyperelliptic involution ι on SG. This implies that ι lifts to an involution ι˜ on S
which normalizes G. Let then G˜ := 〈ι˜〉 n G. The pair (S, G˜) satisfies the hypotheses of
Theorem 1.11 and then also of Theorem 3.2 in [3]. It is clear that we haveMon◦(S)G˜ =
Mon◦(S)G,ι and Hg(S)G˜ = Hg(S)G,ι. The theorem then follows from a careful analysis
of the relation between the QG˜- and QG-isotopy spaces associated to H1(S;Q). Now, it
is easy to see that Proposition 5.1 in [8] also holds with rational coefficients. The same
is then true for (i) and (ii) of Theorem 1.11 with H1(S;Q) instead of H0(C,ΩC) (except
for the multiplicity in (ii), which must be multiplied by 2).
There are two cases to consider: (a) χ˜ is an irreducible QG˜-character afforded by
H1(S;Q) which remains irreducible after restriction to QG (in this case, we denote the
corresponding QG-character by χ); (b) χ˜ is an irreducible QG˜-character afforded by
H1(S;Q) which, after restriction to G, splits as the sum of two irreducible QG-characters
χ′ and χ′′. In the first case, the QG˜-isotypic and the QG-isotypic components of H1(S;Q)
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associated to χ˜ and χ, respectively, coincide. Let Vχ˜ be an irreducible QG˜-module. Then
Vχ˜ = Vχ is also an irreducible QG-module with character χ and there are a natural
isomorphism EndQG˜(Vχ˜) ∼= EndQG(Vχ) := Dχ and a natural isomorphism of Dχ-modules
H1(S;Q)[χ˜] ∼= H1(S;Q)[χ]. In the second case, the QG˜-isotypic component of H1(S;Q)
associated to χ˜ splits in the direct sum of the QG-isotypic components associated to χ′
and χ′′. Let Vχ˜ be an irreducibleQG˜-module. Then Vχ˜ = Vχ′⊕Vχ′′ as aQG-module, where
Vχ′ and Vχ′′ are irreducible with characters χ′ and χ′′, respectively. There are natural
isomorphisms Dχ˜ := EndQG˜(Vχ˜) ∼= EndQG(Vχ′) ∼= EndQG(Vχ′′) and natural isomorphisms
of Dχ˜-modules H1(S;Q)[χ˜] ∼= H1(S;Q)[χ′] ∼= H1(S;Q)[χ′′]. Theorem 3.2 then follows
from Theorem 3.2 in [3]. 
Remark 3.3. Let us observe that, in the case (b) of the proof of Theorem 3.2, the
generic hyperelliptic Hodge group Hg(S)G,ι (and so the hyperelliptic monodromy group
Mon◦(S)G,ι) projects to the diagonal of the factor U(H1(S;Q)[χ′]) × U(H1(S;Q)[χ′′]) of
Sp(H1(S;Q))G. On the other hand, since ι˜ is not an automorphism of a general G-curve
of topological type (S,G), the generic Hodge group Hg(S)G does not project to such
diagonal. In particular, we have a strict inclusion Hg(S)G,ι ( Hg(S)G.
A Putman-Wieland type problem for the hyperelliptic mapping class group. A nat-
ural question for the hyperelliptic monodromy group is also whether, for all characters
χ ∈ X(QGK) afforded by the QG-module H1(S;Q), we have Mon◦(S)G,ιχ 6= {1}. This
amounts to the following hyperelliptic version of the Putman-Wieland conjecture:
Problem 3.4 (Hyperelliptic Putman-Wieland Problem). Let S be an oriented closed surface
endowed with a faithful action of a finite group G such that g(S/G) ≥ 1 and let ι be a
hyperelliptic involution on S/G. Is every Mod(S)G,ι-orbit in H1(S;Q)r {0} infinite?
In Theorem 3.13, we will show that, in general, this question has a negative answer.
This, in particular, will provide a negative answer to the genus 2 case of the Putman-
Wieland conjecture.
Hyperelliptic simple loop homology.
Definition 3.5. Let S be an oriented closed surface endowed with a faithful action of a
finite group G such that g(S/G) ≥ 1 and let ι be a hyperelliptic involution on S/G. The
hyperelliptic simple loop homology Hs,ι1 (S;A) of S, for some commutative ring A, is the
AG-submodule of H1(S;A) generated by cycles whose support covers, via the covering
S → SG, a symmetric simple closed curve or a connected component of a symmetric
bounding pair on SG rB (cf. Definition 2.2).
For a simple closed curve α on SG r B, let us denote by A its inverse image on S. We
then denote by TA ∈ Sp(H1(S;Z))G the image of the multitwist
∏
γ∈A τγ via the repre-
sentation ρG. Let us define the Dehn group Dehn(S)G to be the Zariski closure of the
(normal) subgroup of Mon◦(S)G generated by all such TA for α a simple closed curve
on SG r B and let us denote by Dehn(S)Gχ the projection of this group to the factor
Sp(H1(S;Q)χ)G ∼= U(H1(S;Q)[χ]) of Sp(H1(S;Q))G. Let the hyperelliptic Dehn group
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Dehn(S)G,ι be the Zariski closure of the (normal) subgroup ofMon◦(S)G,ι generated by
the TA such that α is a symmetric simple closed curve on SG r B and by the products
TA · TB such that the simple closed curves α and β on SG r B, which define TA and
TB, respectively, form a symmetric bounding pair. We denote by Dehn(S)G,ιχ the pro-
jection of this group to the factor Sp(H1(S;Q)χ)G ∼= U(H1(S;Q)[χ]) of Sp(H1(S;Q))G.
From the discussion which precedes Corollary 3.5 in [3], it follows that Hs1(S;Q)⊥ and
Hs,ι1 (S;Q)⊥ can be characterized as the subspaces of fixed points in H1(S;Q) for the ac-
tions of Dehn(S)G and Dehn(S)G,ι, respectively. In particular Hs1(S;Q) and Hs,ι1 (S;Q)
are both nondegenerate subspaces for the intersection pairing. We have proved the first
item of the following theorem:
Theorem 3.6. (i) The subspace Hs1(S;Q) (resp. H
s,ι
1 (S;Q)) of H1(S;Q) is nondegen-
erate for the intersection pairing and is generated by the infinite orbits of Dehn(S)G
(resp. Dehn(S)G,ι).
(ii) For g(SG) ≥ 3, the subspace Hs1(S;Q) is a direct sum of QG-isotypic components
of H1(S;Q). Moreover, if χ is an irreducible QG-character afforded by Hs1(S;Q),
we have Dehn(S)Gχ = Mon◦(S)Gχ and this is an almost simple Q-algebraic group
acting irreducibly on H1(S;Q)[χ].
(iii) For g(SG) ≥ 4 and B = ∅, the subspace Hs,ι1 (S;Q) is a direct sum of QG-isotypic
components of H1(S;Q). Moreover, if χ is an irreducible QG-character afforded
by Hs,ι1 (S;Q), we have Dehn(S)G,ιχ = Mon◦(S)G,ιχ and this is an almost simple
Q-algebraic group acting irreducibly on H1(S;Q)[χ].
Proof. The first statement of item (i) was proved above. The second statement of item
(i) also follows from the discussion preceding Corollary 3.5 in [3]. Item (ii) is essentially
a reformulation of Corollary 3.5 in [3] and item (iii) follows from the same argument of
this corollary and Theorem 3.2. 
Remark 3.7. With the hypotheses of (iii) of Theorem 3.6, assume moreover that SG
contains a symmetric simple closed curve γ over which the covering is trivial and is such
that its preimage γ˜ in S has the property that Sr γ˜ is still connected. The same argument
of Remark 3.6 in [3] shows that, in this case, Hs,ι1 (S;Q) = H1(S;Q).
The pure cohomology of the hyperelliptic mapping class group. The homology and
cohomology of the hyperelliptic mapping class group Mod(Sg, n)ι with rational coeffi-
cients identify with the singular homology and cohomology of a smooth D–M stack, as
such they are endowed with a natural mixed Hodge structure. The same holds for any
finite index subgroup of Mod(Sg, n)ι.
Proposition 3.8. For g ≥ 1, there holds W−1H1(PMod(Sg, n)ι,Q) = 0.
Proof. For g ≥ 1, the pure hyperelliptic mapping class group PMod(Sg, n)ι is generated by
Dehn twists about symmetric simple closed curves (cf. Theorem 4.14 in [7] and following
remarks), whose classes in the first homology group have weight −2, from which the
conclusion follows. 
14 MARCO BOGGI
Proposition 3.9. For g ≥ 1, the hyperelliptic mapping class group Mod(Sg, n)ι contains a
normal finite index subgroup Υ such that W1H1(Υ) 6= 0.
Proof. It is enough to prove the proposition for g = 1, n = 1 and g ≥ 2 and n = 0, since, if
p : Mod(Sg, n)
ι → Mod(Sg)ι is the natural epimorphism, then, for a finite index subgroup
Υ of Mod(Sg, n)ι, the natural homomorphism W1H1(p(Υ))→ W1H1(Υ) is injective.
For Mod(S1,1) = SL2(Z), the claim is well-known since W1H1(Υ) is just the first coho-
mology group of the projective modular curve associated to Υ.
Let us assume then n = 0 and g ≥ 2. Let HTeichg be the universal cover of the
moduli stack of hyperelliptic curves Hg. For g = 2, this is just the ordinary genus 2
Teichmu¨ller space Teich2, while, for g ≥ 3, it can be identified with a closed contractible
submanifold of the genus g Teichmu¨ller space Teichg. Since there is a natural e´tale
covering Hg → M0,[2g+2], we have a natural isomorphism HTeichg ∼= Teich0,2g+2. There
is also a natural epimorphism p : Mod(S0,2g+2) → Mod(S0,4) and a corresponding p-
equivariant surjective map φ : Teich0,2g+2 → Teich0,4.
Let us assume that Υ is contained in the abelian level Mod(Sg)ι(2). By Proposition 3.3
in [1], there is a natural epimorphism q : Mod(Sg)ι(2) → Mod(S0,2g+2). It follows that
the map φ induces a surjective map HTeichg /Υ → Teich0,4 /p(q(Υ)), which induces
an epimorphism on fundamental groups. Therefore, we have a natural injective map
W1H
1(Teich0,4 /p(q(Υ))) ↪→ W1H1(HTeichg /Υ) = W1H1(Υ).
It is easy to check that, for a suitable normal finite index subgroup Υ of Mod(Sg)ι, the
curve Teich0,4 /p(q(Υ)) has genus ≥ 1. Then, W1H1(Teich0,4 /p(q(Υ))) 6= 0 and the claim
of the proposition follows. 
Let us observe that, in the proof of Proposition 3.9, we can choose the finite index
subgroup Υ of Mod(Sg, n)ι in a way that, for some power mk of an even integer m > 0,
every symmetric simple closed curve γ and symmetric bounding pair γ1, γ2, we have that
τm
k
γ and τ
mk
γ1
τm
k
γ2
belong to Υ. Let us denote by N the normal subgroup of Υ gener-
ated by these elements and let HΥ be the D–M compactification of the level structure
HΥ over Hg,[n] associated to Υ. There is an epimorphism Υ/N  H1(HΥ,Z) and there
holds H1(HΥ,Z)⊗Q ∼= W1H1(Υ) 6= 0. A consequence of independent interest of Proposi-
tion 3.9 is a slight improvement of Corollary 1.1 in [19] (cf. [9] and [15] for the mapping
class group version of this result):
Corollary 3.10. For every even integer m and for k  0, the normal subgroup of the
hyperelliptic mapping class group Mod(Sg, n)ι generated by the mk-powers of symmetric
multitwists is of infinite index.
For γ a non-peripheral symmetric simple closed curve on Sg,n = Sg r {P1, . . . , Pn}, we
saw that the stabilizer Mod(Sg, n)ιγ of γ in Mod(Sg, n)
ι = Mod(Sg, n)
ι is described by the
short exact sequence 1→ τZγ → Mod(Sg, n)ιγ q→ Mod(Sg r γ, n)ι → 1. We then have:
Lemma 3.11. Given a non-peripheral simple closed curve γ on Sg,n and a finite index
subgroup Υγ ⊆ Mod(Sg, n)ιγ, then the restriction map W1H1(q(Υγ)) → W1H1(Υγ) is an
isomorphism.
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Let us now consider the hyperelliptic mapping class group version of the Birman exact
sequence
1→ Πg,n → PMod(Sg, n+ 1)ι p→ PMod(Sg, n)ι → 1.
For S a closed surface endowed with a faithful action of a group G such that g :=
g(S/G) ≥ 1 and ι a hyperelliptic involution on Sg = S/G, let Ann(Hs,ι1 (S;Q)) be the
annihilator for the cap product of Hs,ι1 (S;Q) in H1(S;Q). We then have:
Lemma 3.12. For Υ ⊆ PMod(Sg, n+1)ι a finite index normal subgroup, put K := Πg,n∩Υ
and let S → Sg be the associated, possibly ramified, covering with Galois groupG = Πg,n/K.
Then, we have Ann(Hs,ι1 (S;Q))p(Υ) = H1(S;Q)p(Υ) and there is a natural exact sequence of
polarized Hodge structures of weight one
0→ W1H1(p(Υ))→ W1H1(Υ)→ Ann(Hs,ι1 (S;Q))p(Υ) → 0.
Proof. As above, for a finite index subgroup Υ of PMod(Sg, n)ι, we let HΥg,n → Hg,n be
the associated e´tale covering of D–M stacks which extends to a finite and flat morphism
HΥg,n → Hg,n of the respective D–M compactifications. There is then a projective flat
morphism f¯ : HΥg,n+1 → Hp(Υ), with fibers semistable G-curves, such that the restriction
f : CΥ → Hp(Υ) of this morphism over Hp(Υ) is a smooth projective G-curve, whose fibers
can be identified to the G-surface S. By a theorem of Deligne (cf. [4]), the associated
Leray spectral sequence degenerates at the E2 level and there is a short exact sequence:
0→ H1(Hp(Υ);Q) f∗→ H1(CΥ;Q)→ H0(Hp(Υ);R1f∗Q)→ 0,
where H0(Hp(Υ);R1f∗Q) identifies with the monodromy invariants H1(f−1(z);Q)p(Υ), for
all z ∈ Hp(Υ).
According to the global invariant cycle theorem (cf. [5]), H1(f−1(z);Q)p(Υ) equals
the image of the restriction map H1(HΥg,n+1;Q) → H1(f−1(z);Q) and, in particular, is a
Hodge substructure of H1(f−1(z);Q). Any simple closed curve in f−1(z), which covers a
symmetric simple closed curve or a connected component of a symmetric bounding pair,
can be collapsed inside HΥg,n+1. It follows that, after identifying H1(f−1(z);Q)p(Υ) with
H1(S;Q)p(Υ), the image of H1(HΥg,n+1;Q) in H1(S;Q)p(Υ) is contained in the annihilator
of Hs,ι1 (S;Q). Therefore, we have a short exact sequence:
0→ H1(Hp(Υ);Q) f∗→ H1(CΥ;Q)→ Ann(Hs,ι1 (S;Q))p(Υ) → 0.
This sequence remains exact passing to its weight 1 part:
0→ W1H1(Hp(Υ);Q) f∗→ W1H1(CΥ;Q)→ Ann(Hs,ι1 (S;Q))p(Υ) → 0.
The conclusion of the lemma then follows observing that H1(Hp(Υ);Q) = H1(p(Υ);Q)
and that W1H1(CΥ;Q) = W1H1(HΥ;Q) = W1H1(Υ;Q). 
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Solution of the hyperelliptic Putman-Wieland problem 3.4.
Theorem 3.13. For all integers g > 0 and n ≥ 0 (n > 0 for g = 1), there is an oriented
closed surface S endowed with a faithful action of a finite group G and a hyperelliptic
involution ι on the quotient S/G, such that g = g(S/G) and the branch locus B of the
covering S → S/G has cardinality at most n, with the property that the associated action of
Mod(S)G,ι on H1(S;Q) has a finite nontrivial orbit. In particular, Hs,ι1 (S;Q) ( H1(S;Q).
Proof. Thanks to Proposition 3.9 and (i) of Theorem 3.6 (for the last statement of the
theorem), it is enough to prove the following lemma which is a reformulation of the
Putman-Wieland Theorem 1.3 for the pure cohomology of finite index subgroups of the
hyperelliptic mapping class group:
Lemma 3.14. Let us consider the following statements for a pair of nonnegative integers
(g, n) with g ≥ 1 (n > 0 for g = 1):
(A′g+1,n) For every finite index subgroup Υ ⊆ Mod(Sg+1, n)ι, we have W1H1(Υ) = 0.
(B′g,n ) Theorem 3.13 does not hold for the given pair of integers (g, n).
Then we have the implications: (B′1,n+1)⇒ (A′2,n) and, for g ≥ 2, (B′g,n)⇒ (A′g+1,n).
Proof. The discrepancy between the indices in the genus 1 case of the lemma and in
the case of genus ≥ 2 is determined by the different descriptions of the stabilizers of a
symmetric nonseparating simple closed curve in the cases g = 1, 2 and g ≥ 3 (cf. Theo-
rem 2.3 and Remark 2.4). The proof of the implication (B′1,n+1) ⇒ (A′2,n) is essentially
Putman-Wieland’s argument except that the cohomology functor H1( ) is replaced by the
pure cohomology functor W1H1( ). For brevity of exposition, we will then only prove the
implication (B′g−1,n)⇒ (A′g,n), where we assume g ≥ 3.
In the statement (A′g,n), we can clearly replace Mod(Sg, n)
ι with PMod(Sg, n)ι. Let
then Υ be a normal finite index subgroup of PMod(Sg, n)ι. By Proposition 3.8, for
g ≥ 1, we have W1H1(Υ)PMod(Sg ,n)ι = W1H1(PMod(Sg, n)ι) = 0. So it is enough to
prove that (B′g−1,n) implies that PMod(Sg, n)
ι acts trivially on W1H1(Υ), for g ≥ 3. Since
PMod(Sg, n)
ι is generated by symmetric nonseparating Dehn twists for g ≥ 1, it suf-
fices to show that for any symmetric nonseparating simple closed curve γ on Sg,n, the
associated Dehn twist τγ acts trivially on W1H1(Υ).
Without loss of generality, we may assume that Υ is contained in the abelian level
Υ(m) for some m ≥ 3 so that Υγ = Υ~γ. Note that Sg,n r γ is homeomorphic to Sg−1,n+2
with the two extra punctures (which we shall denote by Q1 and Q2) corresponding to
the two orientations of γ. The image of Υγ = Υ~γ under the map q : PMod(Sg, n)ι~γ →
PMod(Sg r γ, n)ι◦ (cf. (iii) of Theorem 2.3) is a finite index subgroup and, according to
Lemma 3.11, this map induces an isomorphism:
(8) W1H1(Υγ)
∼→ W1H1(q(Υγ)).
Let Sγ be obtained from Sg r γ by filling in the two punctures bounded by γ, so that
Sγ ∼= Sg−1. By (iv) of Theorem 2.3, for n ≥ 1, there is an isomorphism φ : PMod(Sg r
γ, n)ι◦
∼→ PMod(Sγ, n + 1)ι and, by (v) of Theorem 2.3, for n = 0, an epimorphism
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φ : PMod(Sgrγ)ι◦ → PMod(Sγ, 1)ι with kernel the subgroup NW of pi1(SγrW ) normally
generated by the loops around the punctures corresponding to the Weierstrass points of
Sγ, which determine elements of weight −2 in H1(Sγ rW ,Q). Therefore, in both cases,
these maps induce an isomorphism:
(9) W1H1(q(Υγ))
∼→ W1H1(φ(q(Υγ))).
Let then p : PMod(Sγ, n + 1)ι → PMod(Sγ, n)ι be the natural map induced forgetting
the marked point Q1. The subgroup p(φ(q(Υγ))) is of finite index in PMod(Sγ, n)ι and
(B′g−1,n) together with Lemma 3.12 imply that there is an isomorphism:
(10) W1H1(φ(q(Υγ)))
∼→ W1H1(p(φ(q(Υγ)))).
Let δ be a simple closed curve on Sg,n with the property that it intersects γ transversally
in a single point and let α be the boundary of a tubular neighborhood of δ ∪ γ in Sg,n.
Then, α is a separating simple closed curve on Sg,n and we let Sα be the component of
Sg r α of genus > 1. The natural embedding Sα ⊂ Sγ is homotopic to the embedding
Sα ⊂ Sα, where Sα is the closed surface obtained from Sα filling in the hole bounded by
α with a point R. Therefore, we can identify PMod(Sα, n)ι with PMod(Sγ, n)ι and, by
(ii) of Theorem 2.3, there is a natural identification of PMod(Sα, n)ι with the finite index
stabilizer PMod(Sα, n)ιR in PMod(Sα, n)
ι of the Weierstrass point R ∈ Sα.
By (i) of Theorem 2.3, there is also an epimorphism onto PMod(Sα, n)ι from the sta-
bilizer PMod(Sg, n)ια = PMod(Sg, n)
ι
~α in PMod(Sg, n)
ι of the isotopy class of α. Let us
denote by r : PMod(Sg, n)ια → PMod(Sγ, n)ι the homomorphism with finite cokernel ob-
tained from this epimorphism and the identification of PMod(Sα, n)ι with the subgroup
PMod(Sα, n)
ι
R of PMod(Sα, n)
ι and of PMod(Sα, n)ι with PMod(Sγ, n)ι.
In conclusion, if Υα is the stabilizer in Υ of the isotopy class of α, its image r(Υα) is
a finite index subgroup of p(φ(q(Υγ))). By restriction, we then obtain a monomorphism
W1H
1(p(φ(q(Υγ)))) ↪→ W1H1(r(Υα)) and, by composing this map with the isomorphisms
(8), (9), (10), we obtain a natural monomorphism:
W1H
1(Υγ) ↪→ W1H1(r(Υα)).
Since we may interchange γ and δ, we also obtain a natural monomorphism:
W1H
1(Υδ) ↪→ W1H1(r(Υα)).
The compositions
W1H
1(Υ)→ W1H1(Υγ) ↪→ W1H1(r(Υα))
and
W1H
1(Υ)→ W1H1(Υδ) ↪→ W1H1(r(Υα))
define the same map. Therefore, W1H1(Υ) → W1H1(Υγ) and W1H1(Υ) → W1H1(Υδ)
have the same kernel. Since, by Proposition 2.7, any two symmetric nonseparating closed
curves on Sg,n can be connected by a sequence of such curves whose successive terms
meet transversally in a single point, we see that this kernel is independent of γ.
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For g ≥ 2, the hyperelliptic nonseparating curve complex HC0(Sg,n) is connected.
Hence, the low terms exact sequence associated to the first spectral sequence of equi-
variant cohomology yields the exact sequence
0→ H1(HC0(Sg,n)/Υ,Q)→ H1(Υ,Q)→
⊕
γ
H1(Υγ,Q),
where γ runs over a set of representatives of the Υ-orbits of nonseparating simple closed
curves. Since the natural monomorphism H1(HC0(Sg,n)/Υ,Q) ↪→ H1(Υ,Q) has image
contained in the weight zero subspace of H1(HΥ,Q) = H1(Υ,Q), we then get the exact
sequence:
0→ W1H1(Υ)→
⊕
γ
W1H
1(Υγ).
Above we proved that, for all symmetric nonseparating simple closed curves, the maps
W1H
1(Υ) → W1H1(Υγ) have the same kernel. It follows that W1H1(Υ) → W1H1(Υγ) is
injective. Since the Dehn twist τγ acts trivially on W1H1(Υγ), it does so on W1H1(Υ) too,
which completes the proof of the lemma. 

Corollary 3.15. For a closed surface S2 of genus 2, there is a finite unramified G-covering
S → S2 such that the corresponding action of Mod(S)G on H1(S;Q) has a finite nontrivial
orbit. In particular, we have Hs1(S;Q) ( H1(S;Q).
Remark 3.16. In a blog post (cf. Theorem 2 and 3 in [16]), Carlos Matheus claims
that a certain cyclic covering of S2, ramified over 6 points, provides a counterexample
to Putman-Wieland conjecture. However, his proof of Theorem 3 is flawed where he
claims that the pure mapping class group PMod(S2,7) is centralized by some hyperelliptic
involution ι ∈ Mod(S2,7) (there are several conjugacy classes of hyperelliptic involutions
in Mod(S2,7) while PMod(S2,7) does not contain any). But this is not true. In fact, it is not
difficult to see that the centralizer of a hyperelliptic involution in Mod(S2,7) is of infinite
index. Note also that the explicit computations mentioned at the beginning of Section 1
in [14] seem to rule out that a counterexample to the Putman-Wieland conjecture may
be obtained by means of a covering S → S2 of low degree.
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